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Abstract
A topological space X is called almost maximal if it is without isolated points and for every x ∈ X, there are only finitely
many ultrafilters on X converging to x. We associate with every countable regular homogeneous almost maximal space X a finite
semigroup Ult(X) so that if X and Y are homeomorphic, Ult(X) and Ult(Y ) are isomorphic. Semigroups Ult(X) are projectives
in the category F of finite semigroups. These are bands decomposing into a certain chain of rectangular components. Under MA,
for each projective S in F , there is a countable almost maximal topological group G with Ult(G) isomorphic to S. The existence
of a countable almost maximal topological group cannot be established in ZFC. However, there are in ZFC countable regular
homogeneous almost maximal spaces X with Ult(X) being a chain of idempotents.
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1. Introduction
A topological space is called maximal if its topology is maximal among Hausdorff topologies without isolated
points. Maximal spaces are interesting because each topology without isolated points can be refined to a maximal
one, and because they possess important extremal topological properties. A space without isolated points is maxi-
mal iff it is extremally disconnected and has no resolvable subspaces and no nonclosed nowhere dense subsets (see
Proposition 2.1). Recall that a space is extremally disconnected if the closures of disjoint open subsets are disjoint,
or equivalently, if the closure of any open subset is open. A nonempty space is resolvable if it can be partitioned into
two dense subsets. Maximal spaces, as well as irresolvable, were introduced in [6]. Of special importance are regular
homogeneous maximal spaces. A space X is homogeneous if for every x, y ∈ X there exists an autohomeomorphism
f :X → X with f (x) = y. The main results in this field are the following. Under Martin’s Axiom MA, there is a
countable maximal topological group [8], i.e. a maximal space being a topological group. Every maximal topological
group contains a countable open Boolean subgroup [9]. The existence of a maximal topological group implies the
existence of a P -point in N∗ [12] and, consequently, cannot be established in ZFC, the system of usual axioms of set
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340 Y. Zelenyuk / Topology and its Applications 154 (2007) 339–357theory. (A point of a topological space is a P -point if the intersection of any countable family of its neighborhoods is
again its neighborhood. There are models of ZFC without P -points in N∗ [15, VI, Section 4].) However, there is in
ZFC a countable regular homogeneous maximal space [13].
Maximal spaces can be characterized among Hausdorff spaces by the property that for every point there is exactly
one converging nonprincipal ultrafilter (see Proposition 2.1). We say that a topological space X is almost maximal
if it is without isolated points and for every x ∈ X there are only finitely many ultrafilters on X converging to x.
In [16], under MA, there were constructed some almost maximal topological groups. These examples solved several
questions in general topology, in particular, the question of whether every irresolvable topological group is extremally
disconnected [3]. It was also proved that every almost maximal Abelian topological group contains a countable open
Boolean subgroup [17] and its existence implies the existence of a P -point in N∗ [16]. In this paper we give an ex-
haustive construction of countable almost maximal topological groups and study the countable regular homogeneous
almost maximal spaces.




where x, y ∈ S, making βS a compact Hausdorff right topological semigroup (i.e. for every q ∈ βS the right shift
ρq :βS  p → p · q ∈ βS is continuous) with S contained in its topological center (i.e. for every a ∈ S the left shift
λa :βS  a → a · q ∈ βS is continuous). We take the points of βS to be the ultrafilters on S and identify the principal
ultrafilters with the points of S. The topology of βS has a base consisting of subsets of the form
A¯ = {p ∈ βS: A ∈ p},
where A ⊆ S. (Notice that A¯ is the closure of A in βS.) For any ultrafilters p,q ∈ βS, the subsets ⋃{x ·Bx : x ∈ A},
where A ∈ p and Bx ∈ q , form a base of the ultrafilter p · q . As any compact Hausdorff right topological semigroup,
βS has a smallest ideal K(βS) being a completely simple semigroup. The structure of completely simple semigroups
is given by the Rees–Suschkewitsch Theorem (see, for example, [7, Theorem 1.64]).
Now let G be a nondiscrete left topological group and let βGd be the Stone– ˇCech compactification of G as a
discrete semigroup. Denote by Ult(G) the set of all nonprincipal ultrafilters on G converging to the identity e ∈ G.
It is a closed subsemigroup in G∗d = βGd \ Gd called the ultrafilter semigroup of G. If τ is the corresponding left
invariant topology, i.e. G = (G, τ), we write also Ult(τ ) instead of Ult(G). (A topology τ on a group G is left
invariant if for every U ∈ τ and a ∈ G, aU ∈ τ , or equivalently, for every a ∈ G, the left shift λa :G  x → ax ∈ G is
continuous in τ . Thus, left invariant topologies on G are those that make G left topological.) The semigroup Ult(G),
as any nonempty closed subset of βGd , can be uniquely represented in the form ϕ, where ϕ is a filter on G and
ϕ =
⋂
{A¯: A ∈ ϕ} = {p ∈ βGd : ϕ ⊆ p}.
If S = Ult(G), then
ϕ =
⋂




S1 = {A∪ {e}: A ∈ ϕ}
is the neighborhood filter of e, where S1 = S ∪ {e}. The semigroup Ult(G) reflects quite good topological properties
of G, especially if G is almost maximal (see Proposition 2.15). Ult(G) is completely determined by any neighborhood
of e and all homomorphisms of Ult(G) we will use are induced by certain mappings of neighborhoods of e. In
Section 3 of the paper, we prove a remarkable fact about these mappings—the Local Isomorphism Theorem. It is
strengthened version of [18, Theorem 2].
In Section 4, we prove using the Local Isomorphism Theorem that for each countable regular almost maximal
left topological group G, the semigroup Ult(G) is a projective in the category F of finite semigroups. An object S
in some category is a projective if for every morphism f :S → Q and every surjective morphism g :T → Q there
exists a morphism h :S → T such that g ◦ h = f . The projectives in F were described in [19,21] where it was
also proved that these are precisely the finite projectives in the category C of compact Hausdorff right topological
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is a semigroup of idempotents. The simplest examples of bands are chains of idempotents, with respect to the order
x  y iff xy = yx = x, left zero semigroups, defined by identity xy = x, and right zero semigroups, defined by identity
xy = y. The direct product of a left zero semigroup and a right zero semigroup is called a rectangular semigroup.
Each band is a disjoint union of its maximal rectangular subsemigroups called rectangular components and these are
partially ordered by the relation P Q iff PQ ⊆ P , equivalently QP ⊆ P [10, Theorem 1].) Then we show that
Ult(G) is a purely topological invariant of G. In [22], it was proved that every countable regular homogeneous space
admits a structure of a left topological group. This allows us to define the semigroup Ult(X) for every countable
regular homogeneous almost maximal space X.
In Section 5, under MA, for each finite projective S in C, we construct, a countable almost maximal topological
group G with Ult(G) isomorphic to S. For right zero semigroups, left zero semigroups and chains of idempotents
this result had been previously proved in [16]. As a consequence, we obtain that under MA, for each possible combi-
nation of properties of being extremally disconnected, irresolvable and having no nonclosed nowhere dense subsets,
besides the combination (−,−,+), there is a corresponding almost maximal topological group. For the combination
(−,−,+), there is not even a corresponding countable regular homogeneous almost maximal space. In other words,
if a countable regular homogeneous almost maximal space has no nonclosed nowhere dense subsets, it is either ex-
tremally disconnected or irresolvable.
In Section 6 we give a ZFC-construction of countable regular homogeneous almost maximal spaces X with Ult(X)
being a chain of idempotents.
All topological spaces are assumed to be T1-spaces. ‘Countable’ means ‘countably infinite’.
2. Preliminaries
First of all we give two characterizations of maximal spaces, the second of which explains the definition of almost
maximal spaces.
Proposition 2.1. Let X be a Hausdorff space. The following statements are equivalent:
(1) X is maximal,
(2) X is without isolated points, extremally disconnected and has no resolvable subspaces and no nonclosed nowhere
dense subsets,
(3) for each x ∈ X there is exactly one nonprincipal ultrafilter on X converging to x.
Proof. Let X = (X,T ).
(1) ⇒ (2) Assume that X is not extremally disconnected. Let V be an open subset with nonopen closure clV .
Then one can refine T to the topology T1 by taking as a base T ∪ {U ∩ clV : U ∈ T }. Notice that clV ⊆ X has
no isolated points in T . Consequently, if U ∩ clV = ∅, then U ∩ clV is infinite. Hence, (X,T1) has no isolated
points,—a contradiction.
Assume that X has a resolvable subspace Y . Let A be a subset of Y such that A and Y \ A are dense in Y . Then
A ⊆X is a nonopen subset without isolated points. Hence, one can refine T to the topology T1 without isolated points
by taking as a base T ∪ {U ∩A: U ∈ T },—a contradiction.
Assume now that X has a nonclosed nowhere dense subset B . Let x ∈ clB \B and let Z = (X \ clB)∪ {x}. Then
Z ⊆X is a nonopen subset without isolated points. Hence, one can refine T to the topology T1 without isolated points
by taking as a base T ∪ {U ∩Z: U ∈ T },—a contradiction.
(2) ⇒ (3) First we prove that every nonprincipal ultrafilter p on X converging to a point x ∈ X has a base of open
subsets. To this end, let A ∈ p and suppose that intA /∈ p. Denote B =A \ ((intA)∪ {x}). Then B ∈ p and intB = ∅.
Put U = int clB . We claim that U = ∅. Indeed, otherwise B is nowhere dense and, since x ∈ clB , nonclosed. Put
C =U ∩B . Then C is dense in U and intC = ∅, hence U \C is also dense in U , so U is resolvable,—a contradiction.
Now suppose that there are two different nonprincipal ultrafilters p and q on X converging to a point x ∈ X.
Choose disjoint open subsets Up ∈ p and Uq ∈ q . Then x ∈ clUp ∩ clUq , so X is not extremally disconnected,—
a contradiction.
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which is convergent to a point x ∈ X in T but is not convergent in T1. But then x is an isolated point in T1. Hence,
T is maximal. 
Corollary 2.2. A homogeneous space is maximal iff it is nondiscrete, extremally disconnected, irresolvable and has
no nonclosed nowhere dense subsets.
Proof. It is immediate from Proposition 2.1 and the following fact. 
Lemma 2.3. If a homogeneous space X has a resolvable subspace, then X itself is also resolvable.
Proof. Let Y0 be a resolvable subspace of X and let {A0,B0} be a partition of Y0 into dense subsets. Consider the
family P of all pairs {A,B} of disjoint subsets of X such that A0 ⊆ A, B0 ⊆ B , A ⊆ clB and B ⊆ clA. Since
{A0,B0} ∈ P , P is nonempty. Define the order on P by {A1,B1} {A2,B2} iff A1 ⊆ A2 and B1 ⊆ B2. Every chain




i∈I Bi}. Hence, by Zorn’s lemma, there is a maximal element{A,B} ∈ P . We claim that {A,B} is a partition of X into dense subsets. It suffices to check that A∪B =X.
It is clear that Y =A∪B is closed. Assume that Y =X. Pick x ∈X \Y and y ∈ Y . Let f :X → X be a homeomor-
phism with f (y) = x. Choose an open neighborhood U of y ∈ Y such that f (U) ∩ Y = ∅. Put A1 = A ∪ f (U ∩ A)
and B1 = B ∪ f (U ∩B). Then (A1,B1) ∈P and {A,B}< {A1,B1},—a contradiction. 
We now turn to the ultrafilter semigroups of left invariant topologies.
Obviously, if τ and ν are different left invariant topologies on a group G, the semigroups Ult(τ ) and Ult(ν)
are different as well. However, not each closed subsemigroup in G∗ is the ultrafilters semigroup of a left invariant
topology. Nevertheless, the following result holds.
Proposition 2.4. Let G be a group and let S be a finite subsemigroup in G∗. Then there is a left invariant topology τ
on G with Ult(τ ) = S.
Proof. Let S1 = S ∪ {e} and let φ =⋂S1 so that S1 = φ. The filter φ satisfies the following conditions:
(1) ⋂φ = {e}, and
(2) for every V ∈ φ there exist W ∈ φ and W  x → Wx ∈ φ such that xWx ⊆ V .
It suffices to check (2). For every p,q ∈ S1, V ∈ pq , so there exists Ap,q ∈ p such that Ap,q · q ⊆ V . Denote
Ap =⋂q∈S1 Ap,q . Then Ap ∈ p and ApS1 ⊆ V . Put W =⋃p∈S1 Ap . Then W ∈ φ and WS1 ⊆ V . Next, for every
x ∈ W and q ∈ S1, there exists Bx,q ∈ q such that xBx,q ⊆ V , so xBx,q ⊆ V . Put Wx =⋃q∈S1 Bx,q . Then Wx ∈ φ
and xWx ⊆ V .
It follows from (1) and (2) that there is a left invariant topology τ on G in which φ is the neighborhood filter of e,
and so Ult(τ ) = S. 
Proposition 2.5. Let (G, τ) be a left topological group and let S = Ult(τ ). Then τ is Hausdorff iff for every a ∈G\{e},
aS ∩ S = ∅.
Proof. Let φ be the neighborhood filter of e, so φ¯ = S1. The topology τ is Hausdorff iff for every a ∈ G \ {e}, there
exists U ∈ φ such that aU ∩U = ∅.
Let aU ∩U = ∅ for some U ∈ φ. Then aU ∩U = ∅ as well, since aU = aU and βG is extremally disconnected.
Hence, aS1 ∩ S1 = ∅, and so aS ∩ S = ∅.
Conversely, let aS ∩ S = ∅. Then aS1 ∩ S1 = ∅ as well. Hence, aU ∩ U = ∅ for some U ∈ φ, and so aU ∩
U = ∅. 
Proposition 2.6. Let G be an Abelian torsion free group. Then every almost maximal left invariant topology on G is
Hausdorff.
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not Hausdorff. Then, by Proposition 2.5, there is a ∈ G \ {0} with (a + S)∩ S = ∅. It follows that {q ∈ S: a + q ∈ S}
is nonempty and, obviously, a subsemigroup of S (and even a right ideal), and consequently, as any finite semigroup,
has an idempotent. Thus, there is an idempotent p ∈ S with a + p ∈ S. Since p is an idempotent and G is Abelian,
(a + p)+ · · · + (a + p)= (a + · · · + a)+ p.
Hence, na + p ∈ S for all n ∈ N. Since G is torsion free, all elements na are different. But then all elements na + p
are different as well by [7, Lemma 6.28], so S is infinite,—a contradiction. 
In [18] it was proved that there are no nontrivial finite groups in βN (see also [7, Section 7.1]). In fact, it was
proved that for any countable group G and any finite group F in βG, if the subgroup {x ∈ G: xF = F } is trivial, the
group F is trivial as well. It follows from this and Proposition 2.5 that
Theorem 2.7. For every countable Hausdorff left topological group (G, τ), the semigroup Ult(τ ) has no nontrivial
finite subgroups.
Corollary 2.8. Let G be a countable Abelian group and let τ be an almost maximal left invariant topology on G. Then
τ is Hausdorff iff Ult(τ ) has no nontrivial subgroups.
Proof. Necessity follows from Theorem 2.7. To prove sufficiency, assume that τ is not Hausdorff and let S = Ult(τ ).
Then, by Proposition 2.5, there is a ∈ G \ {0} with (a + S)∩ S = ∅. It follows from this (see Proof of Proposition 2.6)
that there is an idempotent p ∈ S such that 〈a〉+p ⊆ S, where 〈a〉 = {na: n ∈ N}. Clearly, 〈a〉+p is a subsemigroup
isomorphic to 〈a〉. So, since S is finite, 〈a〉 + p is a finite subgroup. 
Lemma 2.9. Let G be a left topological group, let S = Ult(G), and let U ⊆G. Then U is open iff U · S ⊆ U .
Proof. Assume that U is open and let p ∈ U and q ∈ S. Then U ∈ p and for every x ∈ U , Qx = x−1U ∈ q . Hence⋃
x∈U xQx =U ∈ pq , and so pq ∈ U .
Conversely, assume that U · S ⊆ U and let x ∈ U . For every q ∈ S, pick Bq ∈ q such that xBq ⊆ U . Put V =⋃
q∈S Bq ∪ {e}. Then V is a neighborhood of e and xV ⊆U . 
A filter ψ on a topological space is called open (respectively closed) if ψ has a base of open (respectively closed)
subsets.
Lemma 2.10. Let G be an almost maximal left topological group, let S = Ult(G), and let ψ be a filter on G. Then
(1) ψ is closed iff for every p ∈ βGd \ ψ¯ , pS ∩ ψ¯ = ∅,
(2) ψ is open iff ψ¯ · S ⊆ ψ¯ .
Proof. (1) Assume that ψ is closed and let p ∈ βGd \ ψ¯ . Pick a closed F ∈ ψ with F /∈ p and let U = G \ F . Then
U is open, p ∈ U and U ∩ ψ¯ = ∅. By Lemma 2.9, U · S ⊆ U , so pS ∩ ψ¯ = ∅.
Assume now that ψ is nonclosed. Then there is U ∈ ψ such that for every V ∈ψ , clV \U = ∅. Given V ∈ ψ , pick
xV ∈ clV \U , so e ∈ cl(x−1V V ). It follows that there exists qV ∈ S such that x−1V V ∈ qV , or equivalently, V ∈ xV qV .
Since S is finite, one may suppose that qV = q is the same ultrafilter. Pick an ultrafilter p on G such that for every
V ∈ ψ , {xW : W ∈ ψ and W ⊆ V } ∈ p. Then pq ∈ ψ¯ and G \U ∈ p, so p ∈ βGd \ ψ¯ .
(2) Assume that ψ is open and let U ∈ψ . We may suppose that U is open. By Lemma 2.9, U ·S ⊆ U , so ψ¯ ·S ⊆ U .
Hence ψ¯ · S ⊆ ψ¯ .
Conversely, assume that ψ¯ · S ⊆ ψ¯ and let U ∈ ψ . For every p ∈ ψ¯ and q ∈ S, U ∈ pq , so there exists Ap,q ∈ p
such that A¯p,q · q ⊆ U . Denote Vq =⋃p∈ψ¯ Ap,q . Then Vq ∈ ψ¯ and V q · q ⊆ U . Let V =⋂q∈S Vq . Then V ∈ ψ and
V ·S ⊆ U . Finally, put W = {x ∈ U : x ·S ⊆ U}. Clearly, W is open and, since V ⊆W , W ∈ ψ . Hence, ψ is open. 
For every filter ψ on a topological space X, denote by clψ the largest closed filter on X contained in ψ and by
intψ the largest open filter (possibly improper) containing ψ .
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(1) clψ = ψ¯ ∪ {p ∈ βGd : pS ∩ ψ¯ = ∅},
(2) intψ = {p ∈ ψ¯ : pS ⊆ ψ¯}.
Proof. (1) First of all notice that {p ∈ βGd : pS∩ ψ¯ = ∅} is a closed subset of βGd , so {p ∈ βGd : pS∩ ψ¯ = ∅} = ψ0
for some filter ψ0 on G and ψ¯ ∪ {p ∈ βGd : pS ∩ ψ¯ = ∅} = ψ1, where ψ1 = ψ ∩ψ0. Indeed, let pαqα ∈ ψ¯ for some
pα ∈ βGd and qα ∈ S and let p = limpα . Since S is finite, one may suppose that qα = q is the same ultrafilter. But
then pq = limpαq ∈ ψ¯ as well.
If qS ∩ ψ1 = ∅ for some q ∈ βGd , then either qS ∩ ψ¯ = ∅ or qS ∩ ψ0 = ∅. The first case implies q ∈ ψ1. The
second one implies that qrS ∩ ψ¯ = ∅ for some r ∈ S, so qS ∩ ψ0 = ∅ and again q ∈ ψ1. Hence, ψ1 is closed by
Lemma 2.10.
If q /∈ clψ , then qS ∩ clψ = ∅ by Lemma 2.10, consequently qS ∩ ψ¯ = ∅, and so q /∈ ψ1. Hence, ψ1 = clψ .
(2) is similar. 
A subsemigroup S of a semigroup T is left saturated in T if for every x ∈ T \ S, xS ∩ S = ∅.
Proposition 2.12. Let (G, τ) be an almost maximal left topological group and let S = Ult(τ ). Then
(1) τ is regular iff S1 is left saturated in βGd ,
(2) if τ is Hausdorff, τ is regular iff S is left saturated in G∗d .
Proof. (1) τ is regular iff the neighborhood filter of identity is closed. It remains to apply Lemma 2.10(1).
(2) follows from (1) and Proposition 2.5. 
We shall need also the following stronger version of Proposition 2.12.
Proposition 2.13. Let G be an almost maximal left topological group, let X be an open neighborhood of the identity,
and let S = Ult(G). Then
(1) X is regular iff for every x ∈X and p ∈ X \ xS1, pS ∩ xS = ∅,
(2) if G is Hausdorff, X is regular iff for every x ∈ X and p ∈X∗d \ xS, pS ∩ xS = ∅, where X∗d =X \X,
(3) if G is Hausdorff and X is a subsemigroup such that for every x ∈ X, |x−1X \X| < ω, then X is regular iff S is
left saturated in X∗d .
Proof. (1) X is regular iff for every x ∈X, the neighborhood filter φx of x is closed. Notice that φ¯x = xS1 and apply
Lemma 2.10(1) which, as is easily seen, remains to be hold in this situation as well.
(2) follows from (1) and Proposition 2.5.
(3) We can rewrite the condition from (2) as follows: for every x ∈ X and q ∈ x−1X∗d \ S, qS ∩ S = ∅. It remains
to notice that in our case x−1X∗d =X∗d . 
Corollary 2.14. Let S be a finite subsemigroup in N∗ ⊂ Z∗ and let τ be a left invariant topology on Z with Ult(τ ) = S.
Then X = N ∪ {0} is an open neighborhood of 0 ∈ Z in τ , and X is regular iff S is left saturated in N∗.
Proof. Let φ be the neighborhood filter of 0 ∈ Z in τ . Then φ =⋂S1, where S1 = S ∪ {0}, and clearly X ∈ φ.
Since x + X ⊆ X for all x ∈ X, X is open. That τ is Hausdorff follows from Proposition 2.6. It remains to apply
Proposition 2.13(3). 
We conclude this section with the following result. Recall that for a semigroup S, K(S) denotes the smallest ideal
of S, provided such exists.
Proposition 2.15. Let (G, τ) be an almost maximal left topological group and let S = Ult(G). Then
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(2) τ is irresolvable iff K(S) is a left zero semigroup,
(3) for every p ∈ S, p does not contain nowhere dense subsets iff p ∈K(S).
(4) (G, τ) has no nonclosed nowhere dense subsets iff S =K(S).
Proof. (1) τ is extremally disconnected iff there are no two disjoint open subsets having e as a common accumulation
point, consequently, by Lemma 2.10(2), iff there are no two disjoint right ideals in S, so iff K(S) consists of only one
minimal right ideal.
(2) τ is irresolvable iff there is an open ultrafilter on G converging to e [4], consequently, by Lemma 2.10(2),
iff there is a 1-element right ideal in S (and then all minimal right ideals are singletons), so iff K(S) is a left zero
semigroup.
(3) p does not contain nowhere dense subsets iff int clp = ∅. By Corollary 2.11, clp = {p} ∪ {q ∈ βGd : p ∈ qS}
and int clp = {q ∈ clp: qS ⊆ clp}. If p /∈ K(S), clp ∩K(S) = ∅ and then int clp = ∅. If p ∈ K(S), clp ⊇ pS and
then p ∈ int clp.
(4) (G, τ) has no nonclosed nowhere dense subsets iff for every p ∈ S, p does not contain nowhere dense subsets
(if A ∈ p is nowhere dense, then A \ {e} is nonclosed nowhere dense), consequently, by (3), iff S =K(S). 
3. The local isomorphism theorem
A space X with a partial binary operation · and a distinguished element e ∈ X is called a local left topological
group if for every element x ∈ X there is an open neighborhood Ux of e such that
(1) x ·y is defined for all y ∈ Ux , x ·e = x, x ·Ux is an open neighborhood of x, and a mapping Ux  y → x ·y ∈ x ·Ux
is a homeomorphism,
(2) (x · y) · z = x · (y · z) whenever y ∈Ux , z ∈Ux·y ∩Uy and y · z ∈ Ux .
For a local left topological group, from this point on, when we write xy we mean y ∈ Ux and when we write xU ,
where U is a neighborhood of e, we mean U ⊆ Ux . A basic example of a local left topological group is an open
neighborhood of the identity of a left topological group.
A mapping f :X → S of a local left topological group X into a partial semigroup S is called a local homomorphism
if for every x ∈X \ {e} there is a neighborhood Vx of e such that f (xy) = f (x)f (y) for all y ∈ Vx \ {e}. In case when
S is a local left topological group, we in addition assume that f (eX) = eS . A bijection f :X → Y such that both f
and f−1 are local homomorphisms is called a local isomorphism.
Let B = ⊕ω Z(2) be the countable Boolean group endowed with the topology induced by the product topol-
ogy on
∏
ω Z(2). Observe that each nonzero element b ∈ B has a unique canonical representation in the form b =
b0 + · · · + bk , where
(a) for every l  k, supp(bl) is a nonempty interval in ω,
(b) for every l  k − 1, max supp(bl)+ 2min supp(bl+1).
As usual, for any b = (an)n<ω ∈ B, supp(b) = {n < ω: an = 0}. If supp(b) is a nonempty interval in ω, we say that b
is basic. It follows that any mapping from the set of basic elements of B into a semigroup S can be extended to the
mapping f :B → S by f (b) = f (b0) · · ·f (bk), where b = b0 + · · · + bk is the canonical representation. We have that
f (x + y) = f (x)f (y) whenever max supp(x)+ 2min supp(y), so f is a local homomorphism.
Theorem 3.1. Let X be a countable nondiscrete regular local left topological group, let S be a partial semigroup,
and let f :X → S be a local homomorphism. Then there is a continuous local isomorphism g :X → B such that
g(xy) = g(x)g(y) and f (xy) = f (x)f (y) whenever max supp(g(x)) + 2min supp(g(y)). If X is first-countable,
then g can be chosen to be a homeomorphism.
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define w + v = c0 · · · ck by k = max{n,m} and
cl =
{
al if l  n,
bl otherwise.
Notice that each nonempty w ∈ F has a unique canonical representation in the form w =w0 + · · · +wk , where
(a) for every l  k, wl = 0il1jl with il , jl < ω and il + jl > 0,
(b) for every l  k − 1, jl > 0,
(c) for every l  k − 1, il + jl < il+1.
The words of the form 0i1j , where i, j < ω and j > 0, are called basic. The words of the form 0i , where i < ω, are
called zero. From now on when we write w = w0 + · · · + wk , we mean that this is the canonical representation. For
any w ∈ F , |w| denotes the length of w.
Enumerate X as {e, x1, x2, . . .}. We shall assign to each w ∈ F a point x(w) ∈X and a clopen neighborhood X(w)
of x(w) such that
(1) x(0n)= e and X(∅) =X,
(2) X(w0)∩X(w1)= ∅ and X(w0)∪X(w1) =X(w),
(3) x(w)= x(w0) · · ·x(wk) and X(w) = x(w0) · · ·x(wk−1)X(wk), where w =w0 + · · · +wk ,
(4) f (x(w)y) = f (x(w))f (y) for all y ∈X(0|w|+1) \ {e} (for nonzero w),
(5) xn ∈ {x(w): |w| = n}.
We take as X(0) a clopen neighborhood of e such that x1 /∈ X(0). Put X(1)= X \X(0), x(0) = 1 and x(1) = x1.
Fix n > 1 and suppose that X(w) and x(w) have been constructed for all w with |w| < n such that conditions
(1)–(5) hold.
Notice that the subsets X(w), |w| = n − 1, form a partition of X. So, one of them, say X(u), contains xn. Let
u = u0 + · · · + ur . Then X(u) = x(u0) · · ·x(ur−1)(X(ur)) and xn = x(u0) · · ·x(ur−1)yn for some yn ∈ X(ur).
If yn = x(ur), we take as X(0n) a clopen neighborhood of e such that for each basic w with |w| = n − 1,
X(w) \ x(w)X(0n) = ∅ and f (x(w)z) = f (x(w))f (z) for all z ∈X(0n) \ {e}. For each such w, put x(w0) = x(w),
X(w0) = x(w)X(0n) and X(w1)=X(w)\X(w0), and take as x(w1) any element of X(w1). If yn = x(ur),
we take X(0n) in addition such that yn /∈ x(ur)X(0n), and put x(ur 1)= yn. For all nonbasic nonzero w with |w| = n,
we define X(w) and x(w) by condition (3). Then
x(w) = x(w0) · · ·x(wk)
∈ x(w0) · · ·x(wk−1)X(wk)
=X(w),




)= f (x(w0) · · ·x(wk)y)
= f (x(w0) · · ·x(wk−1))f (x(wk)y)
= f (x(w0)) · · ·f (x(wk−1))f (x(wk))f (y)
= f (x(w))f (y),
and if xn /∈ {x(w): |w| = n− 1},
xn = x(u0) · · ·x(ur−1)x(ur 1)
= x(u1)
∈ {x(w): |w| = n}.
To check (2), let |w| = n− 1. Then
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= x(w0) · · ·x(wk)
= x(w),
X(w0)= x(w)X(0n)




= x(w0) · · ·x(wk−1)X(wk 0),
X(w1)= x(w0) · · ·x(wk−1)X(wk 1),
so
X(w0)∪X(w1)= x(w0) · · ·x(wk−1)
[
X(wk 0)∪ Y(wk 1)
]
= x(w0) · · ·x(wk−1)X(wk)
=X(w),
X(w0)∩X(w1)= ∅.
Now for every x ∈ X, there is w ∈ F with nonzero last letter such that x = x(w), so {v ∈ F : x = x(v)} =




)= w = (a0, . . . , an,0,0, . . .).
It is clear that g is a bijection with g(e) = 0. Since for every w = a0 · · ·an ∈ F , X(w) consists of all elements x ∈ X
such that
g(x) = (a0, . . . , an, . . .),
g is continuous.





let w and v be words with nonzero last letters such that x = x(w) and y = x(v), and let w = w0 +
· · · + wk and v = v0 + · · · + vt . We have y ∈ X(0|w|+1), so w + v = w0 + · · · + wk + v0 + · · · + vt and
xy = x(w0) · · ·x(wk)x(v0) · · ·x(vt ) = x(w + v). Hence,






f (xy) = f (x(w + v))
= f (x(w0) · · ·x(wk)x(v0) · · ·x(vt ))
= f (x(w0)) · · ·f (x(wk))f (x(v0)) · · ·f (x(vt ))
= f (x(w))f (x(v))
= f (x)f (y).
If X first-countable, we can choose {X(0n): n < ω} to be a neighborhood base of e, and then g will be a homeo-
morphism. 
348 Y. Zelenyuk / Topology and its Applications 154 (2007) 339–357Corollary 3.2. [18] For every countable nondiscrete regular local left topological group X, there is a continuous local
isomorphism f :X → B. If X is first-countable, then f can be chosen to be a homeomorphism.
Proof. It is immediate from Theorem 3.1. 
Corollary 3.3. Let X be a countable nondiscrete regular local left topological group, let T and Q be finite semigroups,
let g :T → Q be a surjective homomorphism, and let f :X → Q be a local homomorphism. Then there is a local
homomorphism h :X → T such that f = g ◦ h.
Proof. Let k :X → B be a local isomorphism guaranteed by Theorem 3.1. For every basic b ∈ B, choose l(b) ∈
g−1 ◦ f ◦ k−1(b) ⊆ T . Extend the mapping b → l(b) to the local homomorphism l :B → T by l(b) = l(b0) · · · l(bk),
where b = b0 + · · · + bk is the canonical representation. Then g ◦ l = f ◦ k−1. Put h= l ◦ k. 
Let X be a local left topological group and let βXd be the Stone– ˇCech compactification of X as a discrete space.
Denote by Ult(X) the closed subspace in X∗d = βXd \ Xd of all nonprincipal ultrafilters on X converging to the
identity. As in the case of βS, the partial operation of X can be naturally extended to βXd by
pq = lim
x→p limy→q xy,
where x, y ∈ X, making βXd a compact right topological partial semigroup. The product pq is defined iff{
x ∈ X: {y ∈X: xy is defined} ∈ q} ∈ p,
in particular, if q ∈ Ult(X). Hence, Ult(X) is a closed subsemigroup in X∗d . (See also [1] about the extension of a
partial semigroup operation to the Stone– ˇCech compactification.) If X is an open neighborhood of the identity of a
left topological group G, we identify Ult(X) with Ult(G).
Every local homomorphism f :X → S of a local left topological group X into a partial semigroup S induces the
continuous homomorphism f β |Ult(X) : Ult(X)→ βS, where f β :βXd → βS is the continuous extension of f (see [7,
Theorem 4.21]). Moreover, f β(p · q) = f β(p) · f β(q) for any p ∈ βXd and q ∈ Ult(X). In particular, every local
homomorphism X → S into a finite semigroup S induces the homomorphism Ult(X) → S, and every continuous
(topological) local isomorphism X → Y onto a local left topological group Y induces the injective homomorphism
(isomorphism) Ult(X)→ Ult(Y ). Such homomorphisms Ult(X)→ S and Ult(X)→ Ult(Y ) are called proper.
Thus, Corollaries 3.2 and 3.3 imply the following.
Corollary 3.4. [18] For every countable nondiscrete regular local left topological group X, there is a proper injective
homomorphism Ult(X) → Ult(B). If X is first-countable, then f can be chosen to be an isomorphism.
Of course, the semigroup Ult(B) is proper isomorphic to the well-known subsemigroup H =⋂n<ω 2nN of βN (see
[7, Section 6.1]).
Corollary 3.5. Let X be a countable nondiscrete regular local left topological group and let S = Ult(X). Let T and
Q be finite semigroups, let g :T →Q be a surjective homomorphism, and let f :S →Q be a proper homomorphism.
Then there is a proper homomorphism h :S → T such that f = g ◦ h.
4. The semigroup Ult(X)
Recall that an object S in some category is a projective if for every morphism f :S → Q and every surjective
morphism g :T → Q there exists a morphism h :S → T such that g ◦ h = f . An object S is an absolute coretract if
for every surjective morphism f :T → S there exists a morphism g :S → T such that f ◦ g = idS . Obviously, each
projective is an absolute coretract. In many categories these notions coincide but not in all. We will deal with the
category F of finite semigroups and the category C of compact Hausdorff right topological semigroups.
Theorem 4.1. For every countable regular almost maximal left topological group G, Ult(G) is a projective in F .
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suffices to prove that f is proper by Corollary 3.5. For each p ∈ S, choose Cp ∈ p such that Cp ∩ Cq = ∅ if p = q ,
and choose Ap ∈ p such that Ap ⊆ Cp , X =⋃p∈U Ap ∪ {e} is open in G, and Ap · q ⊆ Cpq for all p,q ∈ S. Then for
every p ∈ S and x ∈ Ap , there exists a neighborhood Vx of e ∈ X such that x · (Vx ∩Aq) ⊆ Apq for all q ∈ S. Define
f0 : X → Q putting for every p ∈ S and x ∈ Ap , f0(x) = f (p). Then f0 is a local homomorphism inducing f , i.e.
f
β
0 |S = f . 
The projectives in F were described in [19,21]. All of them turned out to be bands decomposing into a certain
chain of rectangular components.
Denote by W the semigroup of words of the form a1 · · ·anun · · ·u1, where ak,uk ∈ ω, 1  k  n < ω, with the
operation
a1 · · ·anun · · ·u1 · b1 · · ·bmvm · · ·v1 =
{
a1 · · ·anvn · · ·v1 if n=m,
a1 · · ·anun · · ·um+1vm · · ·v1 if n >m,
a1 · · ·anbn+1 · · ·bmvm · · ·v1 if n <m.
The semigroup W is a band decomposing into a decreasing chain of rectangular components Wn consisting of words
of length 2n.
Next, denote by M the set of all matrices M = (mi,j )ni,j=0 without the main diagonal (mi,i), where n ∈ N and
mi,j ∈ ω, satisfying the following conditions for every k ∈ [1, n]:
(a) m0,k m1,k  · · ·mk−1,k ∈ N and mk,0 mk,1  · · ·mk,k−1 ∈ N,
(b) either mk−1,k = 1 and mk−1,k+1 = · · · =mk−1,n = 0 or mk,k−1 = 1 and mk+1,k−1 = · · · =mn,k−1 = 0.
These are precisely the matrices of the form⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
 1 0 · · · 0 0
+  1 · · · 0 0
∗ +  · · · 0 0 0 0 0
· · · · · ·
∗ ∗ · · ·  1
∗ ∗ ∗ · · · +  + ∗ · · · ∗ ∗ ∗
∗ ∗ ∗ · · · ∗ 1  + · · · ∗ ∗ ∗
0 1  · · · ∗ ∗ ∗
0 · · · · · · · 0 0
0 0 0 · · ·  + ∗
0 0 0 · · · 1  1 0 · · · 0 0
+  1 · · · 0 0
∗ +  · · · 0 0
0 0 · · · · · · 0
∗ ∗ ∗ · · ·  1
∗ ∗ ∗ · · · +  + ∗ · · ·
∗ ∗ ∗ · · · ∗ 1  + · · ·
0 1  · · ·
0 0 0 · · · ·
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and their transposes, where + is a positive integer, ∗ is a nonnegative integer, and all rows and columns are nonde-
creasing up to the main diagonal.
Finally, for every M = (mi,j )ni,j=0 ∈M, denote by W(M) the subsemigroup of
⋃n
i=1 Wi which consists of all
words a1 · · ·akuk · · ·u1 ∈Wk , k ∈ [1, n] satisfying the following conditions:
(1) both ak = 0 and uk = 0,
(2) for every j < i  k, if aj+1 = · · · = ai−1 = 0, then ai  mj,i , and dually, if uj+1 = · · · = ui−1 = 0, then
ui mi,j .
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Theorem 4.2. [21] For every finite semigroup S the following statements are equivalent:
(1) S is isomorphic to W(M) for some M ∈M,
(2) S is a projective in F ,
(3) S is an absolute coretract in F ,
(4) S is a projective in C,
(5) S is an absolute coretract in C.
It follows from Theorems 4.1 and 4.2 that for each countable regular almost maximal left topological group (G, τ),
the semigroup Ult(τ ) is isomorphic to W(M) for some M ∈M. Taking into account Propositions 2.4 and 2.12, we
obtain
Theorem 4.3. Let G be a countable group and let S be a finite subsemigroup in G∗ such that S1 is left saturated
in βG. Then S is isomorphic to W(M) for some M ∈M.
We shall now show that the ultrafilter semigroup of a countable regular almost maximal left topological group is
determined, up to isomorphism, purely topologically.
First of all, we notice that every semigroup S =W(M) is determined by its rectangular components Si , numbers ri
of minimal right ideals of Si , and products Si · Sj for i = j . To see this, it is convenient to adjoin an identity ∅ to S.
Then one more component S0 = {∅} arises. For every different i, j ∈ [0, n], put
Si,j =
{
Si · Sj \⋃j−1k=i+1 Sk · Sj if i < j,
Si · Sj \⋃i−1k=j+1 Si · Sk if i > j.
Notice that Si,j consists of all words of the form a1 · · ·ai0 · · ·0ajuj · · ·u1 ∈ Sj if i < j and a1 · · ·aiui0 · · ·0uj · · ·
u1 ∈ Si if i > j . Notice also that∣∣{a1 · · ·ai : a1 · · ·aiui · · ·u1 ∈ Si}∣∣= ri




mi,j = |Si,j | · rj
ri · |Sj | .
Now let (G, τ) be a countable regular almost maximal left topological group, let S = Ult(τ ), and let S1 > · · ·> Sn
be the rectangular components of S. For every i ∈ [1, n], let τi be the left invariant topology on G with Ult(τi) = Si ,
and let Ri be the set of filters ψ on G such that ψ¯ is a minimal right ideal of Si , so |Ri | = ri . For every different
i,j ∈ [1, n], let τi · τj be the left invariant topology on G with Ult(τi · τj ) = Si · Sj . We claim that τi , Ri , and τi · τj
are determined purely topologically.
Indeed, for every i = n,n − 1, . . . ,1, let Ŝi = ⋃ik=1 Sk and let τˆi be the left invariant topology on G with
Ult(τˆi ) = Ŝi . By Proposition 2.15 a nonprincipal ultrafilter p on G converges to a point x ∈ G in τˆi−1 iff p con-
verges to x in τˆi and p contains a nowhere dense subset in τˆi . So topologies τˆi are determined purely topologically.
But then it holds for topologies τi as well, since a nonprincipal ultrafilter p on G converges to a point x ∈ G in τi iff
p converges to x in τˆi and p does not contain nowhere dense subsets in τˆi .
Next, by Lemma 2.10, Ri is the set of maximal τi -open filters on G converging to the identity.
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In [22] it was proved that every countable regular homogeneous space admits a structure of a left topological group.
Consequently, for every such a space X, choosing a group operation ∗ on X with continuous left shifts, we can define
the ultrafilter semigroup Ult(X). As was shown above, if X is a countable regular homogeneous almost maximal
space, the semigroup Ult(X) does not depend, up to isomorphism, on a choice of an operation ∗.
In [19] it was shown that every semigroup W(M) can be embedded into N∗ (consequently so can every subsemi-
group of W(M)). It had been an open question before even for the 2 × 2-rectangular semigroup [2]. We conclude the
section by the following version of this result.
Proposition 4.4. Let G be a countable group, M ∈M, and let S be a subsemigroup of W(M). Then there is a Haus-
dorff left invariant topology τ on G with Ult(τ ) isomorphic to S.
Proof. Endow G with any nondiscrete regular left invariant topology [11]. By Corollary 3.2, there is a continuous
local isomorphism g :G→ B. Take any surjective local homomorphism h :B → W(M). Put T = (gβ)−1(Ult(B)) and
f = (h◦g)β |T . Then f :T →W(M) is surjective continuous homomorphism. By Theorem 4.2, W(M) is an absolute
coretract in C. So there is a copy S′ of S in T . The left invariant topology τ on G with Ult(τ ) = S′ is as required. 
5. The construction under MA
The construction is based on the following version of the Finite Products Theorem [7, Theorem 5.8].




)= {xn0 · · ·xnl : n0 < · · ·< nl < κ, l < ω}.
Lemma 5.1. Let G be an infinite group and let S = {pi : i < m} = ϕ be a finite semigroup in G∗. Then for any pairwise
disjoint Ai ∈ pi , i < m, and for any G  x → Bx ∈ ϕ, there exists a sequence (xn)n<ω in G such that
(1) xn ∈Ain where in ≡ n (mod m),
(2) for every k < ω and n0 < · · ·< nk < ω, one has xn0 · · ·xnk ∈ Ai where i is defined by pi = pin0 · · ·pink ,
(3) for every 0 < k < ω, FP((xn)kn<ω) ⊆⋂{Bx : x ∈ FP((xn)n<k)}.
Proof. We will construct a sequence (xn)n<ω satisfying (1)–(3) and in addition
(4) for all k < ω, n0 < · · ·< nk < ω and p ∈ S, one has xn0 · · ·xnkp ⊆Ai where pi = pin0 · · ·pink p,
(5) for all 0 < k < ω and p ∈ S, FP((xn)kn<ω) · p ⊆⋂{Bx : x ∈ FP((xn)n<k)}.
Choose C0 ∈ p0 such that C0 ⊆ A0 and for all p ∈ S, C0p ⊆ Ai , where p0p = pi . Then fix 0 < l < ω and assume
that we have constructed a sequence (xn)n<l satisfying (1)–(5).
Let j < m and j ≡ l (mod m). Choose Cl ∈ pj such that
(i) Cl ⊆Aj ,
(ii) for all k < ω and n0 < · · ·< nk < l, one has xn0 · · ·xnkCl ⊆ Ai where pi = pin0 · · ·pink pj ,
(iii) for all 0 < k < l, FP((xn)kn<l)Cl ⊆⋂{Bx : x ∈ FP((xn)n<k)},
(iv) for all p ∈ S, Clp ⊆Ai where pi = pjp,
(v) for all k < ω, n0 < · · ·< nk < l and p ∈ S, one has xn0 · · ·xnkClp ⊆ Ai where pi = pin0 · · ·pink pjp,
(vi) for all p ∈ S, Clp ⊆⋂{Bx : x ∈ FP((xn)n<l)},
(vii) for all 0 < k < ω and p ∈ S, FP((xn)kn<l)Clp ⊆⋂{Bx : x ∈ FP((xn)n<k)}.
Then choose xl ∈ Cl . 
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of ω such that |⋂B| = ω for all finite B ⊂ A, there exists an infinite C ⊆ ω such that |C \ A| < ω for all A ∈ A.
About p = c and MA see, for example, [5].
Theorem 5.2. Under MA, for each finite absolute coretract S in C, there is a group topology τ on the countable
Boolean group B with Ult(τ ) isomorphic to S.
Proof. Let {Zα: α < c} be an enumeration of the subsets of B, let Y = {yn: n < ω} be the standard base of B =⊕














Notice that U is the ultrafilter semigroup of the topology on B induced by the product topology on
∏
ω Z(2). Take any
mapping f0 :Y → S with |f−10 (p)| = ω for all p ∈ S. Extend f0 to the local homomorphism f :B → S by
f (yn0 + · · · + ynk ) = f0(yn0) · · ·f0(ynk )
where n0 < · · ·< nk . Let π :U → S be the proper homomorphism induced by f , i.e. π = f β |U . For every p ∈ S put
Bp =
{
yn0 + · · · + ynk : k < ω, n0 < · · ·< nk < ω, f (yn0) · · ·f (ynk )= p
}
.
We will call a sequence (xn)n<ω in B correct if for every n < ω, xn = 0 and max supp(xn) < min supp(xn+1). For
every α < c, we shall construct a correct sequence (xα,n)n<ω in B with Xα = {xα,n: n < ω} and Vα = FS((xα,n)n<ω)
such that
(1) for every β < α, |Xα \ Vβ |<ω,
(2) for every p ∈ S, |Xα ∩Bp| = ω, and
(3) for every p ∈ S, either Vα ∩Bp ⊆ Zα or Vα ∩Bp ⊆ B \Zα .
Since S is an absolute coretract in C, there is an embedding ε0 :S → U such that π ◦ ε0 = idS . For every p ∈ S,
choose A0,p ∈ ε0(p) such that either A0,p ⊆ Z0 or A0,p ⊆ B \ Z0, and put A0 =⋃p∈S A0,p . Using Lemma 5.1,
choose a correct sequence (x0,n)n<ω such that for every p ∈ S, |X0 ∩Bp| = ω and V0 ⊆A0.
Fix α < c and assume that we have constructed sequences (xβ,n)n<ω , β < α, satisfying conditions (1)–(3). Us-
ing p = c, choose a correct sequence (yα,n)n<ω such that for every β < α, |Yα \ Vβ | < ω and for every p ∈ S,








and let εα :S → Uα be an embedding such that π ◦ εα = idS . For every p ∈ S, choose Aα,p ∈ εα(p) such that either
Aα,p ⊆ Zα or Aα,p ⊆ B\Zα , and put Aα =⋃p∈S Aα,p . Then, using Lemma 5.1, choose a correct sequence (xα,n)n<ω
satisfying (2) and with Vα ⊆Aα .
The subgroups Vα ∪ {0}, α < c, form a neighborhood base of 0 in a group topology τ on B. For every p ∈ S,
the subsets Vα ∩ Bp , α < c, form a base of an ultrafilter p′ on B. Put S′ = {p′: p ∈ S}. Then S′ = Ult(τ ) and
π |S′ :S′  p′ → p ∈ S is an isomorphism. 
As an application of Theorem 5.2 (and Proposition 2.15), for each combination of the properties of being extremally
disconnected, irresolvable and having no nonclosed nowhere dense subsets, besides the combination (−,−,+), we
indicate, under MA, a corresponding almost maximal topological group.
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correspond to the combinations (+,−,+) and (−,+,+). These are the 2-element right zero semigroup and the
2-element left zero semigroup. The semigroup determined by the matrix⎛⎝ 1 01  1
0 1 
⎞⎠
corresponds to the combination (+,+,−). It is the 2-element chain of idempotents. The semigroups determined by
the matrices⎛⎝ 1 01  1
0 2 
⎞⎠ and
⎛⎝ 1 01  2
0 1 
⎞⎠
correspond to the combinations (+,−,−) and (−,+,−). These are 3-element semigroups consisting of two compo-
nents. Their second components are the 2-element right zero semigroup and the 2-element left zero semigroup. The
semigroup determined by the matrix⎛⎝ 1 01  2
1 1 
⎞⎠
corresponds to the combination (−,−,−). It is a 5-element semigroup consisting also of two components. Its second
component is the 2 × 2-rectangular semigroup.
For the combination (−,−,+), there is not even a corresponding countable regular homogeneous almost maxi-
mal space. In other words, if a countable regular homogeneous almost maximal space does not contain nondiscrete
nowhere dense subsets, it is either extremally disconnected or irresolvable.
6. A result in ZFC
In this section we prove the following ZFC-result.
Theorem 6.1. Let G be a countable group and let n ∈ N. Then there is a regular almost maximal left invariant
topology τ on G with Ult(τ ) being an n-element chain of idempotents.
To prove Theorem 6.1, we need several auxiliary statements.
Given any p ∈G∗, define
C(p)= {x ∈G∗: xp = p},
C1(p)= {x ∈ βG: xp = p}.
Observe that C1(p)= (C(p))1 = C(p)∪ {e} (by [7, Lemma 6.28]) and C1(p) is left saturated in βG.
Lemma 6.2. Let xp = yp for some p ∈ G∗ with finite C(p) and x, y ∈ G∗. Then either x ∈ yC1(p) or y ∈ xC1(p).
Proof. Assume the contrary. Then we can choose X ∈ x and Y ∈ y such that X ∩ YC = ∅ and Y ∩ XC = ∅, where
C = C1(p). Since xp = yp, Xp∩Yp = ∅. So either ap = y′p for some a ∈X and y′ ∈ Y or x′p = bp for some b ∈ Y
and x′ ∈ X (by [7, Theorem 3.40]). For symmetry reasons it suffices to consider the first case. It follows from ap = y′p
that p = a−1y′p and hence a−1y′ ∈ C. But then y′ ∈XC and consequently Y ∩XC = ∅,—a contradiction. 
Proposition 6.3. Let p ∈ G∗ and let C(p) be finite. Then C(p) is a chain of right zero semigroups.
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K(C(p)) consists of only one minimal right ideal. But it is immediate from Lemma 6.2. 
Notice that W(M) is a chain of right zero semigroups iff M is a matrix of the form⎛⎜⎜⎜⎜⎜⎜⎝
 1 0 . . . 0 0
+  1 . . . 0 0
∗ +  . . . 0 0
· · · . . . · ·
∗ ∗ ∗ . . .  1
∗ ∗ ∗ . . . + 
⎞⎟⎟⎟⎟⎟⎟⎠
where + is a positive integer, ∗ is a nonnegative integer, and every row is nondecreasing up to the main diagonal.
Lemma 6.4. Let p ∈G∗ with finite C(p). Then for every q ∈ G∗, |{x ∈ βG: xp = q}| |C1(p)|.
Proof. Let X = {x ∈ βG: xp = q}. Choose y ∈ X with the greatest |yC1(p)|. Obviously, yC1(p) ⊆X. We claim that
X = yC1(p). Indeed, by Lemma 6.2, for every x ∈X, either x ∈ yC1(p) or y ∈ xC1(p). It follows from y ∈ xC1(p)
that yC1(p) ⊆ xC1(p) and, since |yC1(p)| is the greatest, yC1(p)= xC1(p), consequently, x ∈ yC1(p). 
Lemma 6.5. Let p,q ∈ G∗ with finite C(p), C(q). Then |C1(pq)| |C1(p)| · |C1(q)|.
Proof. Observe that C1(pq) is the set of all x ∈ βG such that xp = r for some r ∈ βG with rq = pq . It remains to
apply Lemma 6.4. 
Recall that left and right preorderings of idempotents of a semigroup are defined by
x L y ⇐⇒ x = xy,
x R y ⇐⇒ x = yx.
Their intersection is the order
x  y ⇐⇒ xy = yx = x.
An idempotent is minimal with respect to any or all of these orderings if and only if it belongs to the smallest ideal of
the semigroup.
Lemma 6.6. For every nonminimal idempotent p ∈ G∗, there exists a right maximal idempotent q ∈ G∗ with
C(q) <L p, i.e. x <L p for all x ∈ C(q).
Proof. See proof of [7, Theorem 9.21]. 
Lemma 6.7. Let p ∈ G∗ be an idempotent with finite C(p) and let q ∈ G∗ be a right maximal idempotent with
C(q) <L p. Then C(pq) \C(p) is a right zero semigroup.
Proof. By Lemma 6.5 and Proposition 6.3 C(pq) is a finite chain of finite right zero semigroups. Denote K =
K(C(pq)) and let x ∈ C(pq) \ C(p). It then follows from xpq = pq and Lemma 6.2 that either xp ∈ pC1(q) or
p ∈ xpC1(q). Since pC1(q) ⊆K , the second possibility cannot hold. And the first possibility implies x ∈ K . 
Proposition 6.8. There is an infinite decreasing chain C of finite right zero semigroups in G∗ such that C1 is left
saturated in βG.
Proof. Using Lemma 6.6 construct inductively a sequence (qn)n<ω of right maximal idempotents in G∗ such that
C(qn+1) <L qn. Put









Then by Lemma 6.7, C is a decreasing chain of finite right zero semigroups Cn. Obviously, C1 is left saturated
in βG. 
Lemma 6.9. Let S be a finite semigroup in G∗, let τ be a left invariant topology on G with Ult(τ ) = S, and let
Q = {q ∈ βG \ S1: qS ∩ S = ∅}. Assume that Q is finite. Then τ is locally regular iff SQ∩ S = ∅.
Proof. Let X be an open regular neighborhood of the identity of (G, τ). Since X is regular, then by Proposition 2.13,
for every x ∈ X and q ∈Q, xq /∈ X. So XQ∩X = ∅ and then XQ∩X = ∅. Consequently, SQ∩ S = ∅.
Conversely, let SQ∩ S = ∅. Since S and Q are finite, we can choose a neighborhood X of identity of (G, τ) such
that XQ ∩ X = ∅. Then for every x ∈ X and p ∈ X \ xS1, pS1 ∩ xS1 = ∅. Indeed, otherwise p = xq ∈ X for some
q ∈Q. Consequently, by Proposition 2.13, X is regular. 
Lemma 6.10. Let X be a countable regular local left topological group. Then there exists a regular left invariant
topology τ on G such that (G, τ) is topologically locally isomorphic to X.
Proof. Let τ0 be the topology of X and let τ1 be any nondiscrete regular left invariant topology on G. By Corollary 3.2,
there is a continuous local isomorphism f :X → (G, τ1). Put τ = {f (U): U ∈ τ0}. 
We now can prove our main result.
Proof of Theorem 6.1. By Proposition 6.8, there is a decreasing left saturated n-chain C of finite right zero semi-
groups Ci , i < n, in G∗ such that C1 is left saturated in βG. Let S = {pi : i < n} be any chain of idempotents with
pi ∈ Ci and let τ0 be a left invariant topology on G with Ult(τ0) = S. Assume that qS ∩ S = ∅ for some q ∈ βG \ S1.
Then q ∈ C and then by Theorem 4.3, Sq ∩S = ∅. Hence, τ0 is locally regular by Lemma 6.9 and so there is a regular
open neighborhood X of identity in (G, τ0). But then, by Lemma 6.10, there is a regular left invariant topology τ on
G such that (G, τ) is topologically locally isomorphic to X. Obviously, Ult(τ ) is isomorphic to S. 
Corollary 6.11. There are arbitrarily long finite left saturated chains of idempotents in βG.
Proof. Let n ∈ N. By Theorem 6.1, there is a regular left invariant topology τ on G such that S = Ult(τ ) is an n-
element chain of idempotents. By Proposition 2.12, S1 is left saturated in βG. Obviously, S1 is an (n + 1)-element
chain of idempotents. 
7. Closing remarks and open questions
For a space X, the dispersion character (X) is the least cardinality of nonempty open subsets of X.
Question 1. Is there a regular homogeneous maximal space X with (X) > ω?
For every almost maximal Abelian topological group G, (G) = ω [16].
Question 2. Does for each almost maximal topological group G, (G) = ω?
All almost maximal spaces constructed in the paper are homogeneous.
Question 3. Does each countable regular maximal (almost maximal) space contain an open homogeneous subspace?
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is ω-irresolvable. It is easy to check that every almost maximal space is ω-irresolvable. Every countable nondiscrete
ω-irresolvable topological group contains an open Boolean subgroup [20] and implies the existence of P -point in N∗
[14,20].
Question 4. Is there a countable ω-irresolvable topological group which is not almost maximal?
All almost maximal topological groups constructed in the paper have a neighborhood base of zero consisting of
subgroups.
Question 5. Does each countable maximal (almost maximal) topological group have a neighborhood base of zero
consisting of subgroups?
We do not know if there is any ZFC-example of a countable regular homogeneous almost maximal space X for
which Ult(X) is not a chain of idempotents.
Proposition 7.1. For a finite semigroup S the following statements are equivalent:
(1) there is a countable regular homogeneous almost maximal space X with Ult(X) isomorphic to S,
(2) there is a left saturated subsemigroup in N∗ isomorphic to S.
Proof. (1) ⇒ (2) By [22], one can suppose that X is a left topological group. By Proposition 2.12, the semigroup
T = Ult(X) is left saturated in X∗d . Let Y = N∪{0} and endow Y with any nondiscrete first-countable regular topology
making Y a local left topological group, for example, the topology with a base consisting of subsets (m + 2nN) ∪
{m}, where m,n ∈ Y . By Corollary 3.2, there are a continuous local isomorphism g :X → B and a topological local
isomorphism h :Y → B. Put f = h−1 ◦ g. Then f :X → Y is a continuous local isomorphism and the subsemigroup
f β(T ) ⊂ N∗ is as required. Indeed, otherwise there exist p ∈ X∗d \ T and q ∈ T such that f β(p)f β(q) ∈ f β(T ). But
f β(p)f β(q)= f β(pq) and pq /∈ T since T is left saturated in X∗d , so f β(pq) /∈ f β(T ),—a contradiction.
(2) ⇒ (1) Let C be a left saturated subsemigroup in N∗ isomorphic to S and let X = N ∪ {0}. Then by Corol-
lary 2.14, there is a regular topology on X making X a local left topological group with Ult(X) = C. 
By Proposition 7.1, Theorem 6.1 is equivalent to the following.
Theorem 7.2. There are arbitrarily long finite left saturated chains of idempotents in N∗.
Question 6. Is there in ZFC a finite left saturated semigroup in N∗ which is not a chain of idempotents?
The proof of Proposition 6.8 shows also that there is an infinite decreasing left saturated chain of finite right zero
semigroups in N∗.
Question 7. Is there an infinite decreasing left saturated chain of idempotents in N∗?
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